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For a one-electron homonuclear diatomic system with arbitrary nuclear 
charge Z, the change in the nature of diatomic interaction and its density 
origin are quantitatively examined as a function of Z by the method of 
binding/antibinding analyses based on the Hellmann-Feynman theorem. In 
the lso'g ground state, two energy extrema, potential barrier at a large 
internuclear distance and potential minimum at a smaller distance, appear 
for 1 < Z  < 1.44. The binding part of the partitioned Hellmann-Feynman 
forces suffers little effect of Z, and these two extrema are attributed respec- 
tively to the increase in the nuclear repulsion and to the decrease in the 
antibinding part of the partitioned forces. In the "antibonding" 2p~r, state, 
a stable molecule is formed for Z < 1. This appearance of the bonding nature 
is shown to have its origin in the binding part which is almost unchanged by 
the decrease of Z. 

Key words: Nuclear charge effect - Chemical bonding - Hellmann-Feynman 
theorem. 

1. Introduction 

The distribution of diatomic electron density is regionally separated into binding 
and antibinding parts by the Berlin diagram [1, 2] based on the Hellmann- 
Feynman theorem [3]. This partitioning provides a unique interpretation for 
the role of the electron density in chemical bonding from the viewpoint of 
quantum-mechanical force. Namely, the binding density gives binding force 
which works to pull the two nuclei together, while the antibinding density gives 
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antibinding force which works to push them apart in cooperation with the nuclear 
repulsion. The simplicity and visuality of the Berlin diagram have been qualita- 
tively but successfully used to interpret and predict the dynamic behaviour of 
the electron density in various nuclear rearrangement processes [4, 5]. 

Recently, we have given quantitative examinations of such regional partitioning 
of electron density for several one-electron diatomic systems [6-8]. Based on 
the exact wave functions, the electronic charge, interatomic force, and stabiliz- 
ation energy have been divided into the binding and antibinding parts and their 
contributions during the attractive/repulsive and o-/~- interaction processes have 
been analyzed in detail. Introducing the center of electron density (CED) as a 
measure, we have also clarified the dynamic behaviour of the electron density. 
In the study of the Hel l  2§ system [7], the effect of the increased nuclear charge 
on the density reorganization and the resultant interatomic force of the system 
have been discussed in comparison with the H~ system [6]. From the force- 
theoretical point of view, it has been suggested whether the relevant electron 
density is loosely or tightly bound to the nuclei is important in characterizing 
the bonding. 

The purpose of this paper is to examine systematically the effect of nuclear 
charge on the nature of chemical bonding by monitoring the behaviour of 
interatomic force and its density origin. We have again chosen the one-electron 
homonuclear diatomic system with an arbitrary nuclear charge Z, since we know 
the exact wave function for this system. Then, we can rigorously apply the 
method of binding/antibinding analyses [6-8] and the results are exactly reliable 
within the fixed-nuclei approximation. 

Although the fractional charge nuclei do not directly represent realizable systems, 
they are useful in modeling the effect of the screening of nuclear charges in 
chemical bondings [9-13]. The profile of the energy curves of the present system 
was previously studied by Cohen and McEachran [9] and by Feinberg [10]. They 
reported the appearances of the potential barrier in the 1SO'g ground state for 
1 < Z < 1.44 and the bonding energy minimum in the 2ptru state for Z < 1. The 
potential barrier in the lso'g state has also been used as a model of the potential 
barrier observed for some diatomic molecular ions like He~ § [14]. 

In the following, we examine the Z effect on the interaction process from the 
viewpoint of force and density. Sect. 2 provides an outline of the concept of 
Berlin diagram and binding/antibinding analyses. In Sect. 3, the results are 
discussed in detail for the lso-g and 2ptru states. 

2. Theoretical Ground 

The electron density in a diatomic system is spatially divided into the binding 
and antibinding parts by the Berlin diagram [1, 2]. Fig. 1 exemplifies this par- 
titioning for the ls~g state of H~ system. Then the contribution of the electron 
density to a one-electron property G of the diatomic system is distinguished 



Effect of Nuclear Charge on One-Electron Chemical Bonding 57 

Fig. 1. Berlin diagram superposed on 
. . . .  + the lso-g density dlstnbutlon of the H2 

molecule (R = 2 a.u.). The antibinding 
regions are shaded. The positions of 
the total, binding, and antibinding 
CEDs are also shown. The contour 
values are 0.15, 0.125, 0.1, 0.075, 
0.05, 0.025, 0.01, 0.005, 0.0025, and 
0.001 a.u. from the innermost line 
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between the binding Go and antibinding Go contributions by the regional integra- 
tion. (Hereafter,  subscripts b, a, e, and n mean binding, antibinding, electronic, 
and nuclear contributions, respectively.) 

In this study, we apply the binding-antibinding partitioning to the electronic 
charge N ( = N0 + No), Hel lmann-Feynman force F ( = Fe + F ,  ; Fe = Fb + Fa), and 
CED O ( = (NoOb +NaQ,, ) /N) ,  and by pursuing the behaviours of these physical 
quantities, we investigate the change in the nature of interaction caused by the 
change of nuclear charge Z. (See Appendix and Ref. [6] for the definitions of 
the quantities F and Q.) For the energy extrema, stabilization energy AE and 
quadratic force constant ke are also examined which are respectively obtained 
by integrating and differentiating the force F with respect to the internuclear 
distance R. 

Using the electron density obtained from the exact wave function [15-18], we 
have first performed the calculation of the partit ioned physical quantities for 
the bonding lso-g and antibonding 2po-, states of the H~ system (Z = 1) as a 
function of R. The corresponding quantities for the nuclear charge other than 
unity are succeedingly obtained by utilizing the scaling relations valid in the 
one-electron homonuclear  system. For example, Nb, F, and O satisfy the follow- 
ing relations. 

Nb(Z, R) = N0(1, ZR), 

F(Z, R)  = Z3{F.  (1, ZR) + Z F .  (1, ZR)}, 

O(Z, R) = Z-~Q(1, ZR). 

Further details of the scaling relations are shown in Appendix. 
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The change of the nuclear charge Z is expected to have two opposite effects on 
the density reorganization during the interaction processes. When Z increases, 
one is an increase of the localization of the electron density in the neighbourhood 
of the nuclei (Effect (1)). This gives rise to decreases in the binding charge and 
the inward shift of CED, corresponding to a decrease of the electron density 
preceding (or an increase of the electron density following) [20]. This effect 
may work to increase the repulsion in cooperation with the nuclear force. The 
other is an increase of the attractive force due to the adjacent nucleus acting on 
the electron density (Effect (2)). The transfer of the density into the internuclear 
binding region is accelerated by this effect. Consequently, the binding charge 
and the inward shift of CED increase, corresponding to an increase of the 
electron density preceding (or a decrease of the electron density following) [20]. 
Effect (2) may contribute to increase the attractive force against Effect (1). When 
Z decreases, these effects work in a reverse direction. It is expected that at a 
large R, Effect (1) is predominant, while at a small R, Effects (1) and (2) are 
comparable. These expectations are examined quantitatively in the next section. 

3. Effect of Nuclear Charge 

3.1. Bonding lso'g State 

For several Z, the Hellmann-Feynman force and its components are shown in 
Fig. 2 as a function of R. As R decreases, the total force (Fig. 2a) for Z = 1 
H + ( 2 system) monotonically increases its attraction with the minimum 

(-0.0342 a.u.) at R = 2.99 a.u. Then the force becomes repulsive passing through 
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Fig. 2. The lso'g state. Binding-antibinding partitioning of the Hellmann-Feynman force. Negative 
and positive values mean attractive and repulsive contributions, respectively 
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the equilibrium distance Re ( = 2.00 a.u.) where the force vanishes. For Z < 1, 
the total force behaves similarly to that of H~-, though the relative magnitudes 
of attraction are different in the initial and intermediate stages (see the curve 
for Z = 0.8). 

For 1 < Z < 1.44, however, the total force shows initial repulsion and the succeed- 
ing change into attraction (see Z = 1.2). This implies the existence of potential 
barrier whose peak is located at the critical distance R*  of zero force. (The 
asterisk means the property of potential barrier.) The appearance of repulsive 
force for Z > 1 is expected from the long-range perturbation theory, since the 
leading term of long-range force for the present system consists of the electronic 
part - Z / R  2 and the nuclear part + Z 2 / R  2 [21]. In the final stage, the total force 
again changes into repulsion and the stable equilibrium is also observed in this 
Z range. At Z = 1.44, the force curve contacts with the abscissa of F = 0 and 
R e coincides with R e*. This corresponds to a terrace of the stabilization energy 
curve. For Z > 1.44, the force is repulsive throughout the whole range of R and 
no stable molecule is formed. 

The properties of the potential barrier appearing in the 1SO-g state are summarized 
in Table 1 for several Z. With the increase of Z,  ke* decreases and AE* increases 
reflecting the increase of instability. The region of repulsive force also increases 
and R *  lowers. The corresponding properties of the stable equilibrium are shown 
in Table 2. Though Re takes its minimum at Z - 0 . 7 9 ,  it suffers rather small Z 
effect than expected (see also Fig. 2a). The quadratic force constant ke is 
maximum at Z - 1.03, while the stabilization energy AE is minimum at Z - 0.74. 
The neutral system (Z = 0.5) is not the most stable system. For Z > 1.24, AE 
is positive and the system is less stable than the separated atoms (SA). 

Figs. 2b and c show the partitioning of the total force into the electronic and 
nuclear parts. Though the electronic attraction and the nuclear repulsion increase 
monotonically with increasing Z and decreasing R, the Z effect is larger for the 
nuclear part in the initial stage and for the electronic part in the intermediate 
stage. The total force is seen to be a result of subtle balance of these opposing 
forces. In Figs. 2d and e, the electronic force (Fig. 2c) is further decomposed 

Table 1. Properties of potential barrier in the lSO'g state. Potential 
barrier appears for 1 <Z < 1.4391 

Z R*~/a.u. k*~/a,u. AE*/a.u. 

1 a oo 0 0 

1.1 7.676 -0.0012 0.01212 
1.2 5.938 -0.0039 0.03311 
1.3 4.752 -0.0083 0.06435 
1.4 3.710 -0.0112 0.10905 
1.4391 b 3.009 0 0.13180 

a + 
Normal H2 molecule. 

b Two potential extrema coalesce at this Z value. 



60 

T a b l e  2. Properties of stable H~- analogues in the lso-g state as a 
function of Z 

T. Koga et al. 

Z Re~am. ke/a.u. AE/a.u. 

0 a co 0 0 

0.1 3.882 0.0003 -0.01051 
0.2 2.813 0.0031 -0.03358 
0.3 2.402 0.0101 -0.06146 
0.4 2.189 0.0214 -0.08915 
0.5 2.067 0.0364 -0.11303 
0.6 1.998 0.0533 -0.13043 
0.7 1.962 0.0703 -0.13934 
0.8 1.952 0.0855 -0.13829 
0.9 1.964 0.0970 -0.12627 
I b 1.997 0.1030 -0.10263 
1.1 2.053 0.1017 -0.06717 
1.2 2.140 0.0918 -0.02006 
1.3 2.279 0.0705 +0.03789 
1.4 2.558 0.0326 0.10466 
1.4391 ~ 3.009 0 0.13180 

a Limit of free electron. 
b Normal H~ molecule. 
c Two potential extrema coalesce at this Z value. 

into the binding and antibinding parts based on the Berlin diagram (Fig. 1). (The 
net changes f rom the SA values are plotted in these figures.) As R decreases, 
the binding force monotonical ly increases its attraction and the Z effect is found 
to be small (Fig. 2d). On the other  hand, the antibinding force decreases its 
repulsion (i.e. attractive contribution) with decreasing R and shows a large 
dependence on Z (Fig. 2e). The increase of Z contributes to increase the 
attraction and this is quite remarkable  in the intermediate stage. The behaviour  
of the antibinding force resembles that of the total force for Z < 1.44 and the 
antibinding part  is seen to give a significant contribution to the attractive nature 
of the He l lmann-Feynman  force. Consequently,  the initial repulsion and the 
succeeding attraction of the system for 1 < Z < 1.44 are attributed respectively 
to the increased nuclear repulsion and to the decreased antibinding force. 
Feinberg [10] also pointed out that the nuclear part  is responsible for the 
appearance  of potential  barr ier  f rom the energetic point of view. 

Next,  we investigate the reorganization of electron density which governs the 
forces discussed above. The changes of the binding charge and C E D  and its 
components  during the interaction process are shown in Figs. 3a-d.  The binding 
charge increases as R decreases and takes maximum value (0.724e-)  at R = 
1 -3  a.u. (Fig. 3a). As understood f rom the scaling relation (see Appendix),  the 
max imum value is independent  of Zo The total CED shifts towards the center 
of bond except for a small R (Fig. 3b). 

The behaviour  of the binding charge and the total CED shows that the Z effect 
on the electron density in the initial and intermediate stages belongs to Effect 
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Fig. 3. The 1SO'g state. (a) Binding charge. The SA value is 0.5e-. (b-d) CED and its binding- 
antibinding components. The corresponding SA values have been subtracted. Therefore, positive 
values mean the shifts of CEDs towards the center of bond, while negative values mean the shifts 
towards the outside 

(1) mentioned in Sect. 2. Namely, the increase of Z accelerates the localization 
of density around the nuclei leading to the decrease in the binding charge and 
the inward shift of CED. This is a decrease of the density preceding and works 
to reduce the attractive contribution of the electronic force. The same trend has 
been observed in the repulsive ground state of the Hel l  2§ system [7]. For 
R = 1-3 a.u. however, Effect (2) becomes dominant and promotes the delocaliz- 
ation of density into the internuclear region. In this R range, the increase of Z 
results in the increase of the binding charge and the inward shift of CED. This 
is an increase of density preceding. 

The binding CED (Fig. 3c) which represents the centroid of binding density 
decreases in the initial and intermediate stages as Z increases (Effect (1)). This 
density reorganization works to reduce the binding force. However, the force 
operator itself is proportional to Z, and hence the binding force remains almost 
unchanged. When Z decreases from unity, the situation is opposite and again 
results in small Z dependence of the binding force (Fig. 2d). In the final stage, 
however, Effect (2) becomes predominant and the binding force is in proportion 
to Z (see e.g. R = 2 a.u. in Fig. 2d). 

On the other hand, the antibinding CED shows a monotonic shift towards the 
nuclei throughout the process (Fig. 3d). The shiftis small for large Z, correspond- 
ing to a small increase in the binding charge. Therefore, the antibinding density 
is more localized near the nuclei than the binding density irrespective of Z. A 
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decrease in this localized antibinding density is the origin of large attractive 
contribution of the antibinding force (Fig. 2e). The results again support the 
previous suggestion [6] that of the two regional density reorganizations, the 
decrease in the localized antibinding density is more effective to the binding and 
stabilization of the system than the increase in the delocalized binding density, 
though they occur simultaneously and are cooperative. Figs. 2d and e further 
suggest that this tendency becomes larger as Z increases. 

3.2. Antibonding 2peru State 

The results of the binding/antibinding analyses for the 2poru state are given in 
Figs. 4 and 5. 

As seen in Fig. 4a, the total force is repulsive for Z --- 1 and no stable molecule 
is formed. The increase in Z merely increases the repulsion of the system (see 
Z = 1.2 in Fig. 4a). For Z < 1, however, attractive force appears in a large R 
range (curves for Z = 0.6 and 0.8). The attraction is maximum at R = 10-15 a.u. 
and then the force changes into repulsion. This behaviour of the total force 
means that for Z < 1 a stable molecule can be formed even in the "antibonding" 
2per, state. The properties of this equilibrium are summarized in Table 3. All 
the Re, ke, and ZkU suggest the most stable system at Z = 0.6-0.8, though the 
stability is only about a sixth of that of the lso'g state. 

To investigate the origin of this unexpected attraction in the 2po-u state, we have 
decomposed the total force into the components in Figs. 4b-e. The electronic 
and nuclear parts show similar Z dependences and the origin of attraction is 
not clear at this level of partitioning. When the electronic force is further 
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pa r t i t i oned ,  the  b ind ing  force  (Fig. 4d) is f o u n d  to s l ightly dec rease  its a t t r ac t ion  
with  the  dec rease  of Z .  H o w e v e r ,  the  Z d e p e n d e n c e  is ve ry  smal l  for  R > 10 a.u. 
(Note  the  var iance  b e t w e e n  the  scales of Figs.  2 and  4.) T h e  an t ib ind ing  force  
(Fig. 4e) also con t r ibu te s  to the  a t t r ac t ion  for  a la rge  R.  A s  Z decreases ,  the  
a t t r ac t ion  dec reases  and  t e rmina t e s  at  a l a rge r  R.  The  ex ten t  of the  Z effect is 
l a rger  than  tha t  for  the  b ind ing  force,  and  is c o m p a r a b l e  to  tha t  for  the  e lec t ron ic  
force.  T h e  dec rease  of the  nuc lea r  r epu l s ion  due  to the  dec rease  in Z is nea r ly  
cance l led  with  the  inc rease  of the  an t ib ind ing  force,  Thus  the  a t t r ac t ion  a p p e a r i n g  

Table 3. Properties of potential minimum in the 2po-, state. 
Potential minimum appears for Z < 1 

Z Re/a,u. ke x 100/a.u. AE x 10/a.u. 

0 ~ oo 0 0 
0.1 35.47 0.0002 -0.01727 
0.2 19.38 0.0032 -0.05828 
0.3 14.06 0.0129 -0.10887 
0.4 11.46 0.0317 -0.15713 
0.5 9.983 0.0580 -0.19323 
0.6 9.096 0.0861 -0.20922 
0.7 8.598 0.1055 -0.19916 
0.8 8.437 0.1041 -0.15946 
0.9 8.750 0.0692 -0.09002 
i b oo 0 0 

Limit of free electron. 
b Normal H~- molecule. 
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for Z < 1 may be attributed to the binding force which has small Z dependence. 
The smaller Z effect on the binding force is common to the 1SOrg and 2po-u states. 

The density origin of the Hellmann-Feynman force is shown in Fig. 5. The 
binding charge (Fig. 5a) slightly increases with the decrease of R. Though the 
maximum value.(0.537e-) is larger than the SA value (0.5e-), it is considerably 
smaller than that of the bonding state (0.724e-). With the decrease of Z, the 
binding charge increases for a large R and decreases for a small R. This is Effect 
(1) for the loosely-bound density due to a smaller Z. Correspondingly, the total 
CED shows inward shift whose degree is larger for smaller Z. These imply the 
presence of small density preceding in the antibonding state. In this R range, 
the component CEDs show a large localization of the binding density towards 
the nuclei (Fig. 5c) and an almost-unchanged distribution of the antibinding 
density (Fig. 5d). As in the lso-g state, these reorganization of the regional 
densities result in small and large Z dependences of the binding and antibinding 
forces, respectively, through Z in the force operator. For a small R, however, 
the nodal property of the 2ptru state is dominant and the decreases of the binding 
charge and CEDs, which contribute to the repulsion of the system, are remark- 
able. For respective values of Z, the inward/outward shifts of the antibinding 
CED (Fig. 5d) well correspond to the attractive/repulsive contributions of the 
antibinding force (Fig. 4e). 

The present results of the binding/antibinding analyses show that the effect of 
nuclear charge is larger for the binding density than for the antibinding density 
commonly to the 1SCrg and 2ptr= states. Then the density reorganization in the 
binding region, which may characterize the nature of chemical bonding, is 
suggested to be very sensitive to the "effective" nuclear charge resulting from 
the shielding by core electrons and so on. However, the Z effect on the binding 
density is cancelled with Z in the force operator, and therefore the antibinding 
part reveals a significant Z dependence in the interatomic force. This is also 
true for the partitioned stabilization energies when the forces are integrated. 
We must distinguish between the Z dependence of density reorganization and 
that of interatomic force and stabilization energy. 

4. Summary 

In this study, we have quantitatively examined the effect of nuclear charge on 
one-electron diatomic interactions from the force and density point of view. 

For both the lso-g and 2po-u states, the Z effect is larger for the binding density 
than for the antibinding density. However, the dominancy is interchanged for 
the partitioned forces, since the force operator is proportional to Z. 

In the lso-~ state, the increase in Z causes two energy extrema (configurations 
with zero force) for 1 < Z < 1.44. One is potential barrier in the initial stage of 
the interaction which is attributed to the dominance of the nuclear repulsion in 
this R range. The other is potential minimum at a shorter R which results from 
the decrease of the antibinding force. As in a previous study [6], the reorganiz- 
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ation of the localized antibinding density is found to be more  important  than 
that of the delocalized binding density even when Z is varied. 

In the "ant ibonding"  2po-. state, the bonding nature emerges and a stable 
molecule is formed for Z < 1. The decrease of Z reduces the attractive contribu- 
tion of the antibinding force, and hence the binding force with small Z depen-  
dence is responsible for the weak attraction in this state. 

Acknowledgment. Part of this study has been supported by a Grant-in-Aid for Scientific Research 
from the Ministry of Education of Japan. 

Appendix. Scaling Relations for One-Electron Homonuclear Systems 

The most  fundamental  relation is 

p(r; Z, R) =Z3p(Zr; 1, ZR) 

for the electron density, which immediately follows f rom the scaling relation for 
the one-electron wave function q~(r; Z, R) = z3/ZxIr(Zr; 1, ZR). 

(1) He l lmann-Feynman  Force 
For the electronic part,  the force operator  satisfies 

f(r; Z, R)  = (1 /2) (Z c o s  OA/F2A +Z c o s  OA,/r 2,) 

=Z3f(Zr; 1, ZR). 

Then the scaling relation for the binding force is 

Fb(Z'R)=-Ir(r;z,m>o f(r; Z,R)p(r; Z ,R)  dr 

= - Z  3 _I~(zr;1,zm>df(Zr; 1, ZR)p(Zr; 1, ZR) d(Zr) 

= Z3Fb(1, ZR). 

Similarly F,~(Z, R)=Z3Fa(1, ZR) and the sum of the two relations yields the 
relation for the electronic force 

Fe(Z,R)=Z3F~(1, ZR). 

Since the nuclear part  is simply 

F,(Z, R) =Z2/R 2 = Z4Fn (1, ZR), 

the scaling relation for the total force is found to be 

F(Z, R) = Z3{Fe(1, ZR) +ZFn  (1, ZR)} 

= Z3{F(1,  ZR) + (Z - 1)/(ZR)2}. 
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(2) Electronic Charge 
For the binding charge, we get 

Nb(Z, R) = f p(r; Z, R) dr 
at (r; Z.R)>0 

= I~Zr;t.ZR~>0 p (Zr; 1, ZR) d(Zr) 

=Nb(1, ZR). 

Similarly, No(Z, R)=No(l, ZR) for the antibinding charge. The total charge 
N =Nb +No is conserved irrespective of Z and R (unity in the present case). 

(3) CED (Center of Electron Density) 
The binding CED satisfies 

Ob(Z,R)= Iabrp(r; Z,R) dr/IAbP(r; Z,R) dr 

= Z- t  fAb(Zr)p(Zr; l, ZR )d(Zr)/ IAbP(Zr;1, ZR ) d(Zr) 

= Z-rOb(l, ZR), 

where Jab dr denotes the integration over the atomic binding region [6]. Similarly, 
Oa(Z,R) =Z-1Qa(1, ZR) for the antibinding CED, and for the total CED, 
O(Z, R) = Z - t O ( l ,  ZR), from O = (NbOb +NaO,)/N. 

(4) Stabilization Energy 
The scaling relation for AE is obtained by integrating F with respect to R. For 
example, the binding contribution satisfies 

R / i  

AEb(Z, R) = Joo [Fb(Z, R')-Fb(Z, co)] dR' 

Z R  

= Z 2  Io~ [Fb(1, ZR')-Fb(1, co)] d(ZR') 

= Z2AEb (1, ZR). 

Similarly, we get AE~ (Z, R) = ZEAE.(1, ZR), AE~ (Z, R) = zZz]~ ' e  (1, ZR), and 
AEn (Z, R ) = Z 3 hE. (1, ZR ) for the antibinding, electronic, and nuclear contribu- 
tions. The sum gives 

hE(Z,  R) = Z2{hE. (1, ZR)+ZAE.(1, ZR)} 

= z 2 { h E ( 1 ,  Z R )  + ( Z  - 1 ) / (ZR) } ,  

which agrees with the known result [13, 19]. 
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(5) Force Constant 
We define k ( Z , R ) = - d F ( Z , R ) / d R .  Then the force  
k (Z, R)I  R =Re(Z) satisfies 

k~ (Z ) = - d F  (Z, R ) / dR [e =g,(z~ 

= Z4{-dF(1 ,  Z R ) / d ( Z R )  + 2(Z - 1)/(ZR)3}IR =Re(Z~ 

= Z 4 k  (1, z g  )JR =Re (Z) + 2 Z  ( Z  - 1 ) / ( R e  ( Z ) )  3. 

The same result also follows from the second derivative of AE. 
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constant k e ( Z )  = 
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